The symplectic and Poisson structures of the Liouville theory are derived from the symplectic form of the SL(2, R) WZNW theory by gauge invariant Hamiltonian reduction. Causal non-equal time Poisson brackets for a Liouville field are presented. Using the symmetries of the Liouville theory, symbols of chiral fields are constructed and their * -products calculated. Quantum deformations consistent with the canonical quantisation result, and a non-equal time commutator is given.
Introduction
Wess-Zumino-Novikov-Witten(WZNW) models [1] are fascinating two-dimensional integrable conformal field theories which turn up in many areas of physics and mathematics.
A rich variety of additional integrable theories is given by their cosets. Hamiltonian reduction [2, 3] provides a complete description of the relationship between these theories.
In particular, the symplectic and Poisson structures of this theory [4, 5] and its cosets can be derived from the general solution of the equations of motions of the WZNW model.
Moreover, Hamiltonian reduction also proves to be a general method for the integration of gauged WZNW theories. It might be worthwhile to illustrate this by considering the SL(2, R) WZNW theory together with the Liouville theory [6] - [8] and the SL(2, R)/U (1) black hole model [9, 3] .
Our basic aim is to quantise the coset theories. Even for these well-studied cases fundamental problems remain. As an alternative to standard canonical quantisation [6, 7, 8, 3] it seems to be advantageous to consider a Moyal formalism [10] - [12] . Such methods have 1 email: jorj@rmi.acnet.ge 2 email: weigt@ifh.de recently been variously applied to field theories with non-commutative geometry. In our case, however, such a formalism arises quite naturally as a consequence of a transitive symmetry group acting on the phase space. This symmetry may prove useful in the explicit construction of Liouville correlation functions.
In this paper we shall restrict our attention to Liouville theory. As well as being the simplest coset model, there is an extensive literature on quantum Liouville theory [6] - [8] against which we can test our Moyal approach. Before we do the quantisation, a full description of the classical Hamiltonian reduction will be given. The classical analogue of the exchange algebra is derived, and from this we deduce the general causal non-equal time Poisson brackets for a Liouville exponential. Such non-equal time Poisson structures may play a role in other interacting field theories.
In chapter 2 we derive the basic Poisson brackets of the SL(2, R) WZNW theory from its symplectic form and discuss the symmetry properties of this theory. Chapter 3 describes the nilpotent reduction of these structures to the Liouville theory and presents in particular the symmetries on the phase space and the causal non-equal time Poisson brackets. After the introduction of a symbol calculus, * -products of chiral fields and a non-equal time commutator are calculated. Chapter 5 summarises the results, and some technical details are provided in four appendices.
The SL(2, R) WZNW theory
The WZNW theory has a chiral structure and its investigation can essentially be reduced to the analysis of the chiral or anti-chiral part. The general solution of the dynamical equation gives the SL(2, R) field g(τ, σ) = g(z)ḡ(z) as a product of the chiral and antichiral fields g(z) andḡ(z), where z = τ + σ,z = τ − σ are light cone coordinates. The symplectic form and the Hamiltonian have a chiral structure as well.
The basic Poisson brackets
We consider periodic boundary conditions in σ for the SL(2, R) field g(τ, σ), and the chiral fields have a monodromy g(z + 2π) = g(z)M with M ∈ SL(2, R). The chiral part of the symplectic form of the SL(2, R) WZNW theory is then [4, 5] 
γ > 0 is a coupling constant, ′ denotes differentiation, and the normalised trace is defined
tr(·).
Let us take the basis of the sl(2, R) algebra
2)
It satisfies the relations t m t n = −η mn I + ǫ mn l t l , where I is the unit matrix, η mn = diag(+, −, −) the metric tensor of a 3d Minkowski space, and ǫ 012 = 1. For the matrices t n one has t m t n = η mn , t l t m t n = ǫ lmn and for any a ∈ sl(2, R) t n t n a = a. We shall also use the nilpotent elements of the algebra t ± = t 1 ± t 0 .
In general, the 2-form (2.1) is singular and one has to quotient the space of the chiral 
Here ǫ(z) is the stair-step function ǫ(z) = 2n + 1 for 2πn < z < 2π(n + 1), and
is the Green's function [6] which inverts the operator ∂ z on functions A(z) with the mon-
we have
Equations (2.4), (2.5) are the basic Poisson brackets of the SL(2, R) WZNW theory. The corresponding relations of the coset theories can be derived through the Hamiltonian reduction.
The Kac-Moody and conformal symmetries
As a consequence of the basic algebra (2.4), (2.5) the components of the (periodic) Kac-
Moody currents
commute with λ and satisfy 9) which means that the currents J n (z) are generators of left multiplications
Since the symplectic form (2.1) contains the 1-forms g −1 (z) δg(z) which are invariant under left multiplications, (2.10) are symmetry transformations of the system. The SL(2, R) KacMoody algebra follows directly from (2.8) and (2.9) as 11) and for the chiral Sugawara energy momentum tensor
we get the Poisson bracket relations
14)
We see that g(z), J n (z) and T g (z) have the conformal weights 0, 1 and 2, respectively.
T g (z) generates the conformal transformations g(z) → g(ξ(z)), which leave (2.1) invariant too. The symmetry of the SL(2, R) theory is therefore given by the semi-direct product of the conformal and the Kac-Moody groups.
In order to complete the description of the SL(2, R) WZNW structures by the anti-chiral part, we have to replace the left invariant 1-form g −1 (z) δg(z) of (2.1) by the right invariant δḡ(z)ḡ −1 (z). So we get the anti-chiral symplectic form of the theory with a similar symmetry structure. The monodromy of the anti-chiral field is given byḡ(z − 2π) =Mḡ(z) and the periodicity of the WZNW field g(τ, σ) requiresM = M −1 .
The Liouville theory
The Liouville theory can be obtained by nilpotently gauging the SL(2, R) WZNW theory, imposing constraints for the chiral and anti-chiral fields separately [2] . For the chiral part the constraint is
ρ > 0 is a fixed parameter and t + the nilpotent element of the sl(2, R) algebra. J + (z)+ρ = 0 is a first class constraint which generates gauge transformations.
In fact, we apply a gauge invariant version of the Hamiltonian reduction of [3] to the nilpotent case.
The exchange algebra
Let us use for the variables and Poisson brackets of the reduced system the same notation as for the SL(2, R) WZNW theory. Anticipating the Liouville theory we rename the gauge invariant components of the chiral field g 11 (z) = ψ(z) and g 12 (z) = χ(z). Due to gauge invariance the form of the Poisson brackets between ψ and χ is obviously covariant under the reduction. Thus we can simply read off the result directly from the basic Poisson brackets of the SL(2, R) WZNW theory (2.5) as
This is the basic Poisson algebra of the reduced system. The corresponding quantum commutation relations are nothing but the well-known exchange algebra [7] . Below we shall show that eqs. 
The nilpotent reduction of the SL(2, R) theory
From the constrained Kac-Moody current 5) and the relation
we easily find the reduced chiral field
where β = ργ 2 . The gauge freedom of g(z) is given by J 2 (z). Since det g = 1, ψ(z) and 8) and (2.3) defines their monodromy
To get a regular Liouville field we assume ψ(z) > 0. The relation (3.8) can then be integrated by using (3.9), and χ(z) becomes 10) which is positive since λ < 0 (see (2.3) ). So the phase space of the reduced system can be parameterised by the field ψ(z) only. Inserting the field (3.7) into the symplectic form (2.1), the reduced symplectic form can be written in terms of gauge invariant variables
Since ψ(z) > 0, we shall write ψ(z) = e −γφ(z) , and (3.11) gets in terms of φ(z) the free-field
with p 0 = −2λ/ γ ( p 0 > 0 ). Eq. (3.9) requires that this chiral field φ(z) has the standard monodromy φ(z + 2π) = φ(z) + p 0 /2 of a free field. Using the Fourier mode expansion 
The classical vacuum configuration corresponds to a n = 0, whereas the zero modes live on the half-plane p 0 > 0. The vacuum is thus (q, p)-dependent and the corresponding fields ψ(z) and χ(z) are
In order to prove that the nilpotent gauging discussed here indeed leads to the Liouville theory, we have to add the corresponding anti-chiral part requiring the constraintJ + (z) =ρ withρ > 0.J + (z) is defined similarly to (3.1) by the right Kac-Moody current. The gauge invariant components are nowψ(z) =ḡ 12 (z) andχ(z) =ḡ 22 (z). They have the monodromȳ 16) and on the constrained surface they are related by the Wronskian conditionψ(z)χ
. Assuming againψ(z) > 0 and 'bosonise'ψ(z) = e −γφ(z) the reduced part is described correspondingly by the anti-chiral free fieldφ(z) with the zero modesp 0 ,q 0 , and the oscillatorsā n .
The periodicity of the SL(2, R) field g(τ, σ) requiresλ = λ which for the zero modes leads to the constraint p 0 −p 0 = 0. The free field φ(τ, σ) = φ(z) +φ(z) then becomes periodic as well and its canonical zero modes are given by q = q 0 +q 0 and p = p 0 =p 0 > 0. Note that this constrained zero mode system which we got by reduction just corresponds to the oldfashioned 'Fubini-Veneziano trick' to treat the dual model zero modes conveniently. Indeed, we shall use this trick henceforth. Then the chiral fields can be treated as independent fields with closed Poisson brackets.
For the periodic field g(τ, σ) = g(z)ḡ(z) only the one component g 12 (τ, σ) = ψ(z)ψ(z) + χ(z)χ(z) remains gauge invariant, and it is the Liouville field ϕ(τ, σ) which is expected to parameterise it
From the constant Wronskian we obtain for ϕ(τ, σ), indeed, the Liouville equation 18) and eqs. (3.17) and (3.10) provide its general solution in the standard parametrisation
where
is periodic, and one can show that this description covers the class of all regular periodic Liouville fields.
It is worth mentioning that the integration of both the Liouville and the SL(2, R)/U (1) theory [3] by Hamiltonian reduction is a strong indication that this approach can be generalised to any gauged WZNW theory. The standard Lax-pair method [13] applies to the nilpotent gaugings only.
The symmetries of the Liouville theory
The symmetry properties of the chiral fields ψ(z) and χ(z) will play an important role to implement the Moyal deformation quantisation. Putting (3.5) and (3.7) into (3.6),
comparison of the components yields
is the reduced energy-momentum tensor of (2.12) which becomes gauge invariant only through the 'improvement' [14] , we have got in eq. (3.21). From (2.13)-(2.15) we easily find
We see that both ψ(z) and χ(z) have the same conformal weight − 1 2
and that the algebra of the improved tensor is deformed by a central extension only. Thus we have, as expected, conformal invariance of the Liouville theory, and the gauge invariant T (z) will therefore be identified with its energy-momentum tensor.
The relation (3.21) corresponds to the Schrödinger equation, well-known in Liouville theory, for both ψ(z) and χ(z) with the solutions ψ(z) = e −γφ(z) and (3.10). It allows us to transform the energy-momentum tensor into a free-field form with the typical improvement term
Our deformation quantisation will rely heavily on the following important observation. The symplectic form (3.11) is invariant under ψ(z) → e −γρ(z) ψ(z) with periodic ρ(z). These transformations are generated by φ ′ (z)
and for the chiral free field this corresponds to the translations φ(z) → φ(z) + ρ(z). These translations and the conformal transformations represent together the symmetry group of the free-field symplectic form (3.12). The corresponding Lie algebra is given by (3.24) and
Comparing this with (2.10), (2.11) and (2.14), we see that the φ ′ (z) and the Kac-Moody current obviously play a similar role for the Liouville and SL(2, R) WZNW theories, respectively.
Although the fields ψ(z) and χ(z) have the same conformal weight their transformations with respect to the translation group is different. In distinction to (3.26) the infinitesimal translation of χ(z)
produces the bilocal field
This bilocal field transforms linearly with respect to the translation
and its x-integration gives
Since p > 0, there is no global translation symmetry in the p direction of the half-plane.
In order to have a group with a transitive action on the phase space at hand, we introduce the dilatations p → e −ε p, q → e ε q generated by K = pq. The vacuum configuration (3.15) transforms for q = 0 under these dilatations as
Adding this one-parameter group to the translations φ(z) → φ(z) + ρ(z) the new group G(ρ(z), ε) is defined. The Moyal quantisation of the Liouville theory is based just on this symmetry group.
The non-equal time Poisson structure of Liouville fields
In this section we calculate non-equal time Poisson brackets for the exponential of the Liouville field (3.17) denoted here by
Using the exchange algebra (3.2)-(3.4) together with the similar anti-chiral relations, we easily find
Here we have introduced the notation
With the relation
which follows from (3.17) and the definition (3.34), the Poisson bracket (3.35) becomes
In the fundamental interval z − y ∈ (−2π, 2π) andz −ȳ ∈ (−2π, 2π), where (2.7) gives Θ γp = Θ = Θ −γp , (3.38) reduces to the following non-equal time bracket relation When z − y andz −ȳ are out of the fundamental domain we still can get a closed form of (3.38) in terms of the field u . For this purpose we introduce two new space time points (z + 2π,ȳ + 2π) and (y + 2π,z + 2π) which are shifted by 2π (in time) with respect to (z,ȳ) and (y,z), respectively. The monodromies of ψ and χ give
which lead to
Similarly the monodromy of u(y,z) defines the products ψ(y)ψ(z) and χ(y)χ(z). Inserting these formulas into (3.38) we obtain the non-equal time Poisson bracket for u(z,z) in general. It now relates quadratic terms of u at six different space-time points.
In the space-time coordinates
the fundamental interval corresponds to the time-interval |τ − τ 1 | < 2π, where (3.39) is valid. Outside of it we have |τ − τ 1 | > 2π, and the additional terms of (3.38) contribute due to the spatial periodicity.
Differentiating (3.39) with respect to τ and putting τ 1 = τ we obtain the equal time relation
which is equivalent to the canonical Poisson bracket {φ(τ, σ), ϕ(τ, σ 1 )} = δ(σ − σ 1 ).
With these results we could also calculate the Poisson bracket for the physically more interesting arbitrary exponential of ϕ(τ, σ 1 ), the Liouville vertex function.
A Moyal quantisation of the Liouville theory
Following the ideas of deformation quantisation (for a general treatment see [15, 16] ), we describe the quantum Liouville theory not in the operator formalism but rather by functionals on the phase space. In our case the formalism is based on the symmetry group G(ρ(z), ε) of Chapter 3.3. Let us introduce the elements we shall need for our alternative quantisation of the Liouville theory, discussing first a single oscillator.
The Moyal formalism for the oscillator and zero modes
We consider the Hamiltonian
and recall some well-known facts of quantum mechanics [17] . The coherent states |a = |P, Q; ν with given frequency ν > 0 are labelled by the points of the phase space. The state |a is related to the vacuum state |0 by the Weyl group transformation
which means that the translations of the coherent states are given up to a phase factor by the classical law.â + ,â are creation and annihilation operators with the canonical commutation relation [â,â + ] = ν , and
are the corresponding classical variables. The coherent states are eigenstates of the annihilation operatorâ 4) and they are complete |a d 2 a a| =Î, with d 2 a = (2π ) −1 dp dq.
As a consequence of the Baker-Hausdorf formula the scalar product of the coherent states
The time evolution of the coherent states also follows the classical law
It is an important observation that there is a one-to-one correspondence between an operatorÂ on the Hilbert space and a functionǍ(P, Q) on the phase space. We specify such a map by the normal ordering prescriptioň
The functionǍ(a * , a) is known as the normal (Wick) or Berezin symbol of the operatorÂ [12] . The non-diagonal matrix elements are given by
The non-commutativity of quantum mechanics is introduced through the Moyal * -product of symbols [11] , which is a symbol of the product of the corresponding two operatorš
Using the completeness relation (4.5) as well as (4.6) and (4.9) we find the useful integral
where we have first made a shift of the integration variables (4.5) and then a dilatation by √ . dµ(ξ) = (2π) −1 dxdy is the corresponding normalised measure and ξ = (x + iνy)/ √ 2.
Expanding the integrand in powers of , after Gaussian integration, the * -product is easily seen to be a deformation of the product of two ordinary functionš
The key object which corresponds to the commutator is the Moyal * -bracket of two symbols
Since the * -product (4.12) is associative, the Moyal bracket obeys the Jacobi identity. Equation (4.12) gives the practically useful expansion 14) where {Ǎ,B} is the standard Poisson bracket.
Applying these quantisation rules to the generators of the Weyl transformationsP ,Q, and to the HamiltonianĤ =â +â the belonging symbols obviously coincide with their classical counterparts, and their * -brackets with an arbitrary functionǍ(P, Q) are simply the Poisson brackets. Such non-deformation properties remain valid in general for the generators of symmetry groups which define the coherent states [17] .
For the Liouville theory the chiral part of the Hamiltonian
has for the non-zero modes the discussed oscillator structure. These modes have therefore the standard coherent states with the frequency parameter ν n = n and the symbol calculus can be applied as before. The same is expected for the dilatation K = pq. Although K does not belong to the class e 2βq B(p) its * -bracket can be inferred by differentiating the * -bracket {e 2βq p,Ǎ} * with respect to β and putting β = 0. Indeed, this leads to {Ǎ, K} * = {Ǎ, K}. In this manner the * -brackets of other polynomials can be derived as well.
The Moyal formalism for the Liouville theory
For the Liouville theory the chiral symbols are functionals of the chiral field φ(z),Ǎ = A[φ(z)]. In order to specify them we make use of the decomposition (3.13)
We shall treat here symbols containing the q zero mode as exponentials only 19) and associate it with the operator
Here : : denotes normal ordering of the oscillator modes of A 0 . Then the * -product of two symbols becomeš
where dµ(ξ n ) = (2π) −1 dp n dq n is the Liouville measure on a plane, ξ n are the complex coordinates on it
, and ξ
Expanding the * -product (4.21) in powers of we finď
This expansion leads to the * -bracket
which includes now the zero mode contributions
X 2 (Ǎ,B) contains third derivatives ofǍ andB, etc.
The symbols of the Hamiltonian (4.15) and the generators of the translations φ ′ (z) and
and their * -brackets with anyǍ then coincide, as expected, with the Poisson brackets
This gives the realisation of the translation and dilatation symmetries for the symbols.
But we still have to include the generators of the conformal symmetry. We assume that the commutation relations corresponding to (3.24), (3.28) are deformed at most by a central term. Using (3.27) and the Jacobi identity, the * -bracket for (3.28) is determined up to a
Because its left-hand side coincides with the Poisson bracket, a first order linear variational equation forŤ (z) arises which leads by integration tǒ
where the integration 'constant' C 1 depends on p and z only. Since (3.24) can be deformed by a central term only, C 1 = 0, and the symbol of the energy-momentum tensor iš
It might be suggestive not to deform the generators of the conformal symmetry [7, 8] ,
as it is the case for the group G(ρ(z), ǫ), but this is not a necessary requirement for the energy-momentum tensor [6, 8] and we take η = γC 0 as a deformation parameter for (3.25)
Its relation to the undeformed expression is simply given by γ → γη, but for the time being η is not determined.
SinceŤ (z) has quadratic and linear terms in φ(z) only its * -bracket with anyǍ does not have terms of order higher than
where according to (4.25)
Taking nowǍ =Ť (y) we obtain
and using
the well-known Virasoro algebra results
This completes the discussion of the elements we need for the application of the Moyal formalism to the Liouville theory.
The construction of symbols for chiral fields
In general a symbol differs from its classical counterpart. The symbols of fields will be constructed by their transformation properties under the symmetries of the theory. This principle also operates for canonical quantisation .
Let us first consider the chiral fieldψ(z). The * -bracket relation which corresponds to (3.26) is a first order linear homogeneous variational equation forψ(z), which leads tǒ
, where C(p, z) is the integration 'constant'. Commutation with the
The conformal weight ∆(ψ) ofψ(z) is defined by its commutation withŤ (z) via (4.32), (4.33)
and we read off For undeformedŤ (z), given by γ → γη, the η is defined by the known quadratic equation.
Furthermore, the function f (y − x, p) has to fulfil the first order differential equation In Appendix D we will argue that the functions C(p) of (4.37) and S(p) of (4.48) can be calculated from dilatation properties of normalised vacuum Berezin symbols.
Then the results found so far by the Moyal quantisation are in agreement with those of the canonical quantisation of the Liouville theory [6, 8] .
The * -product exchange algebra of chiral fields
In this section we calculate the * -products of the chiral fieldsψ(z) andχ(z) to get the quantum exchange algebra. The symbols of ψ(z) and χ(z) have the useful property that the non-zero modes appear only linearly in the exponent. The * -products of these symbols can therefore be calculated directly by Gaussian functional integration of (4.21). These integrations give the resultš
where C ± (p) = C(p ± γ/2), and I 0 , I 1 , and I 2 are the integrals
55)
ǫ(y−x) e 2γφ(x) e −iπακ(z,y,x) , (4.56)
and
The ǫ ± (z) functions are the positive and negative frequency parts of the stair-step function
They are related by ǫ + (−z) = −ǫ − (z) and contain the short distance
We should mention here that the integration over the singularity f −2 α of (4.55) is defined only if α < 1/4, which restricts the coupling constant γ 2 < π/ .
The bilocal objects I 0 (z, y), I 1 (z, y) and I 2 (z, y) have the following symmetry properties under the exchange of the z, y coordinates
61)
ǫ(z−y) , (4.62) 
The derivation of (4.63) is similar and it yields
The function R(p) = C(P ) S(p) is given by (D.12)
which determines a(p) and c(p) uniquely
The quantum exchange algebra [7, 8] follows then immediately from (4.51)-(4.52) and (4.62)-(4.61) 
The non-equal time * -brackets of Liouville fields
The symbol calculus for the anti-chiral part is similar. Combining the chiral and anti-chiral fields we construct the symbol of the Liouville exponential (3.17)
For the calculation of the * -product we treat the chiral and anti-chiral fields independently by using again the Fubini-Veneziano trick and put p 0 =p 0 = p and q 0 +q 0 = q afterwards
This relation obviously follows from (4.17). The eqs. (4.51)-(4.52) provide theň Here we use the shorthand notation ǫ = ǫ(z − y),ǭ = ǫ(z −ȳ), and Θ is defined by (3.36).
Due to the symmetry (4.61) the same condition also holds for the coefficients of K * K.
For the term E * K + K * E we use the exchange relations (4.62) and (4.63) and rewrite the left and right hand sides of (4.79) as a linear combination of the four independent terms I 1 (z, y)Ī 1 (z,ȳ), I 2 (z, y)Ī 2 (z,ȳ), I 1 (z, y)Ī 2 (z,ȳ) and I 2 (z, y)Ī 1 (z,ȳ), which are multiplied by p-dependent coefficients. In this manner we find four equations but due to (4.67) only two of them are independent
Equations (4.80) and (4.81) determine Much in the same manner as for the derivation of (3.43) we can easily construct from it a symbol of the local field e −2γφ(τ,σ) .
Its expansion in powers of reproduces the classical Poisson bracket (3.39).
Summary
In this paper the Liouville theory was revisited, classically and quantum mechanically. Its
Poisson and symmetry structures are defined from the SL(2, R) WZNW theory by gauge invariant Hamiltonian reduction, and for quantisation a Moyal formalism is applied.
The classical form of the exchange algebra arises as the basic Poisson algebra, from which causal non-equal time Poisson brackets for a Liouville exponential are derived. We observed a transitive symmetry group acting on the phase space, and we have shown that
Hamiltonian reduction is a suitable method for the integration of gauged WZNW theories.
Following the ideas of geometric quantisation, coherent states have been defined via this transitive symmetry group and a symbol calculus developed. The symbols of fields are constructed through the symmetries of the Liouville theory. We reproduce results of the canonical quantisation, which includes the deformed exchange algebra. In addition, the deformed causal non-equal time commutators of a Liouville exponential is calculated. From this rich structure other symbols and * -products can be derived.
We presume that vacuum Berezin symbols provide a natural definition for Liouville correlation functions.
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Appendix A
For Poisson bracket calculations the technique of symplectic geometry is applied [18] . If a symplectic form is given by ω = ω mn (ξ) δξ m ∧ δξ n , then for an observable F (ξ) one has
which for non-degenerate ω mn (ξ) defines the Poisson brackets { F, ξ m }.
We make use of (A.1) for the symplectic form (2.1) (for a more general treatment see [19] ).
First we parametrise the chiral field g(z) by
where f (z) is a SL(2, R) valued periodic field. This parametrisation assumes the monodromy matrix M = exp λt 2 . Then, from (2.1) we get
For F = λ we read off from (A.3) the equations
where A(σ) = f −1 (σ) {λ, f (σ)}. Due to the periodicity of f (σ) we get the unique solution
In order to write down the Poisson brackets of group elements it is convenient to introduce the notation [4] 
, the Poisson brackets of f (σ)'s can then be written as
where the t n are given by (2.2), and the A (n) satisfy the equations
Eq. (A.7) splits into independent equations
where A (±) = A 1 ± A 0 . Eq. (A.8)-(A.10) have an unique solution for λ = 0, which inverts the symplectic form. Indeed, from (A.9) and (A.8) we find
and integration of (A.10) gives
Note that for λ = 0 the operator ∂ σ + λ/π has an inverse on the class of periodic functions, and h λ (σ − σ 1 ) is its kernel. Now using (A.6) and (A.11), (A.12) we obtain
(A.14)
With this result we are able to calculate the Poisson brackets of the chiral WZNW fields
In the complex coordinates 
with the eigenvalue ζ 1 = 1/p 1 + iνq 1 . We use here the standard measure dp for the scalar product of wave functions
and the term ν/2p of the operatorζ is necessary in order to get the correct normalisation and completeness of the coherent states. This term can also be justified with in geometric quantisation [18] but it will be cancelled if we pass to the dilatation invariant measure dp/p.
The solution of (B.3) with β = 1/ ν is
and the integration constant C β (p 1 , q 1 ) can be defined by the conditionŝ 2β . Thus we get the wave functions
which have the scalar product 8) and satisfy the completeness relation 1 − ν 2 dp dq 2π 
Appendix C
In this appendix we describe the cancellation of anomalies needed to get a primaryχ(y).
First we calculate the * -bracket ofŤ (z) with the bilocal fielď B(y, x) = F (y − x, p) e −γφ(y) e where R 0 is a p-independent constant. The functions F γ can be calculated, in principle, by a normalised limiting procedure of Berezin symbols which we have not done yet. Instead, we make here a suggestion which is guided by locality consideration [6, 8] This result defines the coefficients of the quantum exchange algebra, and it leads to the causal commutation relations (4.85).
